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Abstract A scaling analysis for the natural convection 
boundary layer adjacent to an inclined semi-infinite plate subject 
to a non-instantaneous heating in the form of an imposed wall 
temperature which increases linearly up to a prescribed steady 
value over a prescribed time is reported. The development of the 
flow from start-up to a steady-state has been described based on 
scaling analyses and verified by numerical simulations. The 
analysis reveals that, if the period of temperature growth on the 
wall is sufficiently long, the boundary layer reaches a quasi-
steady mode before the growth of the temperature is completed. 
In this mode the thermal boundary layer at first grows in 
thickness and then contracts with increasing time. However, if 
the imposed wall temperature growth period is sufficiently short, 
the boundary layer develops differently, but after the wall 
temperature growth is completed, the boundary layer develops as 
though the start up had been instantaneous. The steady state 
values of the boundary layer for both cases are ultimately the 
same. 
 
Keywords Natural convection; Ramp heating; Boundary 
layer; Unsteady flow; Prandtl number. 
1. Introduction  
Natural convection and heat transfer from an inclined 
surface is one of the fundamental problems of heat and 
mass transfer with regards to its engineering applications, 
e.g. solar collectors, inclined walls of the attic space. The 
main interest of studying this geometry with sudden 
heating is to understand the development of the fluid flow 
which has direct application to the industry and also to see 
the insight of the boundary layer which develops adjacent 
to the inclined wall [1-5]. The scaling analysis has been 
carried out for the transient flow development in 
rectangular cavities with differentially heated sidewalls 
and vertical flat plate [6-8]. Moreover, the theoretical 
analyses of triangular cavities with a sloping bottom wall 
have also been reported in the context of natural 
convection induced circulation in coastal waters [9-12].  
 The development of the fluid flow for the various 
stages as a result of imposed sudden heating on the vertical 
boundary has been described step by step by means of 
scaling arguments by [6]. Those scaling laws are then 
modified for various boundary conditions and geometries 
by many researchers and were verified by comparisons 
with numerical simulation over a range of forcing 
parameters in a detailed way by [13-16] and also by [1-5].  
 Recently a modification has been performed for 
both sudden [17-19] and ramp heating [7] boundary 
conditions. The scaling related to the Prandtl number 
dependency has been verified by numerical results 
perfectly for a wide range of Pr values following Pr > 1.   
 In this study, a new scaling for the development 
of the boundary layers adjacent to the downward facing 
inclined heated flat plate is developed. The imposed 
temperature condition on the plate follows a ramp function 
where initially the temperature increases linearly with time 
over a specific period of time (ramp time) and then remain 
constant. The Prandtl number in this study is chosen 
greater than unity. A more detailed balances of the 
important terms of the NS and energy equations have been 
examined. The scaling laws for velocity, thermal and 
viscous layer thickness for different stages of boundary 
layer development have been achieved. A series of 
numerical simulations has been performed to validate the 
scaling relations. 
2. Problem formulation 
The physical description of the problem and the coordinate 
system has been shown in [4]. For page restriction it is not 
included here. The development of the flow under the 
inclined plate is governed by the following two-
dimensional Navier–Stokes and energy equation with the 
Boussinesq approximation: 
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Initially the fluid is motionless and isothermal at 
temperature T0. The thermal condition on the plate is given 
by 
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All other walls are kept no-slip and adiabatic.  
 
 
Fig. 1. A schematic of the temperature and velocity 
profiles normal to the inclined plate at its mid point 
 The flow development is determined by three 
governing parameters: the Rayleigh number (Ra), the 
Prandtl number (Pr) and the slope (A). They are defined 
respectively as follows, 
 
κν
β 3ThgRa ∆= ,  κ
ν=Pr ,  
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3. Scaling analysis 
Start-up stage 
In regions I and II in Fig. 1, the balance is between 
viscosity and buoyancy. However, in region III the balance 
is between viscosity and inertia, since there is no buoyancy 
there. Applying these characteristics to general scaling 
procedures described in [1-5], the following improved 
scalings are obtained for δT and Um in the start-up stage of 
the flow development: 
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The temperature is described by the scale O(∆Tt/tp), so 
long as t < tp. 
 
Quasi-steady state:  
The boundary layer flow is also convecting heat away, and 
the boundary layer growth will change character when the 
convection balances conduction, that is at time t0.  ( ) ( ) 3/22/13/2 3/123/23/1 3/13/40 Pr11~ −++AARa tht pκ  (8) 
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and the corresponding scale of Um. 
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 Corresponding scales for the viscous boundary 
layer thickness δv and the position of the velocity 
maximum δi are readily obtained. At t ~ tp, the boundary 
layer becomes steady, with thickness δTp and velocity Ump 
given by 
( ) ( )2/1 4/1222/14/1 1Pr1~ AARahTp ++ −δ  (11) 
and  
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 It can be summarised of the above discussions in 
the following way: if the boundary layer reaches to the 
quasi-steady mode before the ramp is finished then the 
development of the boundary layer follows (6) which 
accelerates according to (7) until time t0; it then 
interestingly contracts but accelerates further in a quasi 
steady mode until tp, following (9) and (10). When the 
ramp is finished the flow becomes completely steady and 
is described by (11) and (12). However, if the steady state 
time is longer than the ramp time the boundary layer 
follows (6) and (7) until the end of the ramp. At tp, the 
flow and temperature fields are the same as for an 
instantaneous start up at the corresponding time, and the 
further development beyond tp is identical to that for an 
instantaneous start up [4]. 
 
4. Normalization of the governing equations 
and the scaling 
 
To verify the various scales, numerical solution of the full 
Navier-stokes equations and energy are obtained for a 
range of Ra, Pr and A values, and the results, scaled by 
non dimensionalised forms of the various scale values 
above, are shown to approximately collapse onto a single 
line.  
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where x, y, u, v, θ, p and τ are, respectively, the normalised 
forms of X, Y, U, V, T, P and t, which are made normalised 
by the following set of expressions, i.e., 
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where U0 = κRa1/2/h . The origin of the coordinate system 
located at the leading edge of the heated plate at x = 0, y = 
0.  All scales are also made dimensionless using the above 
expressions. For brevity those are not presented here.    
 The Finite Volume scheme has been chosen to 
discretize the governing equations, with the QUICK 
scheme approximating the advection term. The diffusion 
terms are discretized using central-differencing with 
second order accurate. A second order implicit time-
marching scheme has also been used for the unsteady term.
  
5. Results and discussions 
 
In the following, velocity and temperature data are taken at 
x = 0.5, which is sufficiently far from the leading edge and 
the downstream end of the domain to avoid any end 
effects.  The time series of the maximum velocity parallel 
to the plate, um has also been recorded on the same line 
which has been used to verify the velocity scale relation.  
 
 
 
Fig. 2. Time histories of the maximum velocity in the 
boundary layer at x = 0.5 for all simulations. (a) raw 
velocities. (b) velocities scaled by u0 plotted against τ/τ0 
(c) where velocities scaled by the steady state value 
1/[1+Pr -1/2] and plotted against (τ/τp)1/2. 
 The time series of velocity are shown in Fig. 14. 
From this time series data the three stages of the flow 
development can be clearly identified, namely, the early 
stage, the quasi-steady stage and the steady-state stage. In 
Fig. 14(a), the time series of dimensionless maximum 
velocities um from all 11 simulations are presented. 
Fig.14(b) shows the velocity scaled by 
(1+A2)1/6/[A1/3(1+Pr-1/2)2/3τp1/3] plotted against the time 
scaled by (1+A2)1/3(1+Pr-1/2)2/3τp1/3/A2/3. It is seen that the 
location of the end of the first stage on this plot in each 
case coincides, confirming that the scaling for the quasi-
steady time, τ0 is correct. Since the time series of the 
velocity varies with τ2 and τ1/2 for the first and second 
stage of the flow development respectively, two more 
figures could be shown with (τ/τ0)2 and (τ/τ0)1/2 variation 
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where the first stage would show the linear dependence of 
(τ/τ0)2 and the second stage show the linear dependence of 
(τ/τ0)1/2. For brevity, those figures are not included here. 
Fig. 2(c) shows the velocity scaled by the steady state 
value 1/(1+Pr-1/2) given by (12), plotted against (τ/τp)1/2. 
Once again the plots show a linear dependence on (τ/τp)1/2 
as expected during the second part of the development. 
Since the time is scaled by τp the location of the start of the 
second stage at τ ~ τ0 will vary in this plot. However, all 
curves meet at τ ~ τp and coincides after this point. Those 
scales can also be verified by drawing the velocity and 
temperature profiles. For brevity those results are not 
presented here.  
 
6. Conclusions 
Natural convection boundary layer adjacent to an inclined 
flat plate due to non-instantaneous heating has been 
examined by scaling analysis which are then verified by 
numerical simulations for various governing parameters 
considered here. The verification of the scaling relations 
includes thermal and viscous boundary-layer 
developments. Numerical results demonstrate that the 
scaling relations are able to accurately characterize the 
physical behaviour in each stage of the flow development, 
including the start-up stage, quasi-steady stage and the 
steady state stage. The present scaling analysis 
incorporates a detailed balance in the momentum equation 
depending on the thickness of the boundary layer that 
improves scaling predictions especially where the Pr 
variation effect is taken into account. The scaling relations 
are formed based on the established characteristic flow 
parameters of the maximum velocity in the boundary layer 
(um), the time for the boundary layer to reach the steady 
state (ts) and the thermal (δT) and viscous (δν) boundary 
layer thickness. Through comparisons of the scaling 
relations with the numerical simulations, it is found that 
the scaling results agree well with the numerical 
simulations. 
.  
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